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Abstract 

We consider the signature reversing transformation of the metric tensor — > 
—g^v induced by the chiral transformation of the curved space gamma matrices 
7^_> 77^ in spacetimes with signature (S,T), which also induces a (— 1) T spacetime 
orientation reversal. We conclude: (1) It is a symmetry only for chiral theories with 
S — T = 4k, with k integer. (2) Yang- Mills theories require dimensions D = 4k 
with T even for which even rank antisymmentric tensor field strengths and mass 
terms are also allowed. For example, D = 10 super Yang-Mills is ruled out. (3) 
Gravititational theories require dimensions D = 4k + 2 with T odd, for which 
the symmetry is preserved by coupling to odd rank field strengths. In D = 10, 
for example, it is a symmetry of N=l and Type IIB supergravity but not Type 
IIA. A cosmological term and also mass terms are forbidden but non-minimal R(p 2 
coupling is permitted. (4) Spontaneous compactification from D = 4k + 2 leads to 
interesting but different symmetries in lower dimensions such as D = 4, so Yang- 
Mills terms, Kaluza-Klein masses and a cosmological constant may then appear. 
As a well-known example, IIB permits AdS§ x S 5 . 
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1 Signature reversal 



1.1 Bicoastal theories 

An interesting parlour game is to write down the equations of motion of various 
theories and then have your friends guess what spacetime signature you had in 

mind. Was it East coast conventions ( h ++) or West coast (H )? For 

example, a free massive scalar field obeying 

(?TdA + m 2 )<P = (1) 

is unambiguously West coast, since the East coast kinetic term has the opposite 
sign. The same is true for a Dirac spinor. If the gamma matrices obey 

{ 7M , 7i ,} = 2^1, (2) 

then on the West coast 

( v^Qfi + m)4> = , (3) 

while there is no factor of i on the East. Had the fields been massless, on the other 
hand, there would have been no way to tell. 

Even in the massless case, coupling to electromagnetism gives the game away: 

d^F^ = -e&ft (4) 
-i^(d^ - ieA^ = (5) 

is once again West coast since the right hand side of the Maxwell equation would 
acquire a factor of i on the East. 

On the West Coast the empty space Einstein's equations with a cosmological 
constant are 

Rfiv - ^g^R - ^g^u = o , (6) 

but the sign of the cosmological term is opposite on the East. Had there been no 
cosmological constant, on the other hand, there would be no way to tell. In that 
case, moreover you could have coupled gravity to a massless scalar field and even 
allowed a non-minimal coupling 

(<T V„V„ + = (7) 

and your friends would still be unable to guess the signature. We shall refer to this 
class of theory as "bicoastal". 

A natural question to ask, therefore, is whether this can be promoted to a 
symmetry principle. We shall consider theories in spacetime signature (S, T) that 
are invariant under reversing the sign of the metric tensor, which may be regarded 
as a reversal of signature (S,T) — > (T,S). Since we prefer to transform fields 
rather than constants, we work with the curved space metric, henceforth denoted 
Gmn(x), rather than the Minkowski metric t]mn, and consider the transformation 

Gmn{x) -»■ -G M n{x) ■ (8) 
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Similarly, we shall work with the curved space gamma matrices 

{t m (x),T n (x)} = 2G M n(x)1 (9) 

rather than the flat space ones. 

In the presence of fermions, it is useful to implement this reversal by the trans- 
formation 

r M rr M , (10) 

where T is the normalised chirality operator 

1 1 eUi~M DTM (11) 



and where 



VG = ^(-l) T det Gmn(x) . (12) 

Let us denote the Clifford algebra by 0115(5, T). A change of signature may change 
the Clifford algebra generated by the gamma matrices. There are, however, special 
dimensions where the Clifford algebra is isomorphic in opposite signatures. This is 
necessary so that the fermion representations do not jump, and that the fermion 
interactions in the action remain real. As explained in appendix in order that 
the Clifford algebra remain the same under signature reversal 

Cliff (S, T) = Cliff (T, S) (13) 

we require 

S-T = 4k' (14) 

for some integer k' . See tables |21 01 and Q] This rules out odd D, and one can 
express the dimension of the spacetime in terms of an arbitrary integer k and the 
number of time-like directions T as 

D = Ak' + 2T . (15) 

By redefining k we have therefore two prototypical admissible dimensionalities: 

- The Minkowskian type with an odd number of time-like directions D = 4fc+2; 

- The Euclidean type with an even number of time-like directions D = 4k. 
In both cases, 

T 2 = +1 . (16) 

Since V anticommutes with Tm the operation 1)10(1 will reverse the sign of the metric 
as desired. We also note that under (jTT)|) 

T^(-l) T r (17) 
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As explained in section l3~2*l this means that for dimensions D = 4k the sign of the 
volume form Vol(M) = \/~Gd D x remains the same while for D = 4k + 2 it changes 
sign corresponding to reversal of orientation. The link between the orientation and 
the signature arises from the Clifford algebra. In the signatures S — T = 4k' where 
Clifford algebra remains isomorphic under change of signature, we have D/2 = T 
mod 2, and the naive transformation 

VG d D x (-1) T VG d D x (18) 

and the transformation induced by (|1()|) 

—£ U i-M 1 -M D (-1) Jy £ "i- Mi-Mo I 19 ) 

have an identical effect. Note that the density \[G > is always positive, and does 
therefore not change sign. 

The change in sign of the volume element then raises an important question. 
Do we demand only that the equations of motion be invariant, which would allow 
the action to change by an overall sign, or do we insist on the stronger requirement 
that the action be invariant? Let us first consider the case of pure gravity. 

1.2 Pure gravity 

The D-dimensional gravitational action functional is 

S E = -^r I d D xVG R . (20) 
2«£, J 

Under © the volume element transforms as 

^G d D x _^ (— l) 13 / 2 \[G d D x (21) 
while the curvature scalar flips sign for all D 

R — > -R . (22) 
The requirement of invariance selects out the dimensions 

D = 4k + 2, k = 0,1,2,3... (23) 
and forbids a bulk cosmological constant A in the action 

S A = / d D xVGA . (24) 

As we have seen, the weaker requirement, that the Einstein equations be invari- 
ant, rules out a cosmological constant in any dimension at the classical level but 
at the quantum level there will be L-loop counterterms of the form 

1 f n ; nr (D-2)L+2 

S c ~ -V / d D xVGK 2 D L i?W — (25) 

D J 
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where R n is symbolic for a scalar contribution of n Riemann tensors each of dimen- 
sion 2. This again requires D = 4k + 2 for invariance. So we shall take the view 
that the action, and not just the equations of motion should be invariant. 

Of course, one could argue that this is giving the game away since the require- 
ment that the Hamiltonian be positive then forces a specific sign for scalar and 
gravity kinetic terms which will flip in the opposite signature. So, if one prefers, 
one could adopt the view that a bicoastal gravitational theory is one for which the 
field equations, including their quantum corrections, are insensitive to signature 
flip. This would lead to the same D = 4k + 2 requirement and, if fermions are 
involved, the same S — T = 4k condition with T odd. This point of view may be 
especially compelling for theories with self-dual field strengths such as Type IIB 
supergravity in D = 10 and chiral supergravity in D = 6 which have no Lorentz- 
invariant action principle. 



1.3 Comparison with other authors 

Motivated primarily by the desire to explain the (approximate) vanishing of the cos- 
mological constant, several authors, Erdem Quiros [3 a , 't Hooft and Nobben- 

huis @J0I], Kaplan and Sundrum §Jf, have recently considered the transformation 

x M -> ix M (26) 

with the understanding that Gmn^x) = Gmn{x). This also induces a signature 
reversal 

ds 2 = G MN dx M dx N -► -ds 2 . (27) 

Signature reversal and the cosmological constant problem was also discussed in 
signature (3,3) by Bonelli and Boyarsky in 7 . For earlier work on flipping the 
sign of the metric and its relation to Clifford algebras, see jSHOj- 

For clarity, therefore, we note the following differences and similarities of our 
approach: 

1) There is more to our chiral transformation H0\) than just signature reversal 
j27\) . There is also the change of orientation (|17|) which depends on whether 
T is even or odd. So we are excluding some theories that would be allowed 
by £5). 

2) We work only in D = 4k' + 2T dimensions, 't Hooft and Nobbenhuis [1J [3] 
work in four dimensions and note that the requirement that the Einstein 
equations be invariant under l)26|) rules out a cosmological constant. As noted 
by Erdem ^ [2] , the stronger requirement of invariance of the action under 
l|26|) again selects out the dimensions 

D = 4k + 2 , k = 0,1,2,3,... (28) 

In this respect we agree with Erdem PJ [2] because, as noted above, quantum 
corrections require this stronger condition. We differ from Erdem in the 
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transformation rules for matter fields, however. We also differ from Quiros 
[H] who compensates for the flip of sign of the four-dimensional action by a 
flip in the sign of Newton's constant. 

3) We consider only positive energies. As we have just seen, by working in 
D = 4k' + 2T dimensions, we avoid transformations that change the sign 
of the action and hence avoid all discussion of ghosts and other interpreta- 
tional problems that negative energies involve. This differs from 't Hooft and 
Nobbenhuis [1J |S] , Kaplan and Sundrum [Hj , and the earlier work of Linde 

ESJ. 

4) Real coordinates transform only into real coordinates. By reversing the signa- 
ture using a transformation on the metric © and the curved space gamma 
matrices (|lfl[) we avoid the introduction of complex coordinates or Wick rota- 
tions. (However, since in the appropriate signature the complex transforma- 
tion l)26|) on the coordinate x M reproduces formally the same transformation 
rules for the volume element (|21j) and the curvature (122|) as the chiral trans- 
formation (jlUj) on the curved space gamma matrices, it is sometimes useful 
in providing a check on our results. That metric reversal Q yields the same 
transformation rules as ()26|) was first stated by Erdem [2], but without the 
Clifford algebra result (|T7|) it is difficult to justify the orientation reversal (|2"Tj) 
in D = 4k + 2 that changes the sign of the volume element.) 

5) Real fields transform only into real fields. We avoid transformations which 
take real fields into imaginary ones. This is important and restricts our choice 
of field parameterizations. For example, the metric and curved space gamma 
matrices are "good" variables in this respect, while the vielbein e M A for which 

Gmn = a M A e N B t]ab (29) 

is a "bad" variable, since there is in general no real tranformation on the 
vielbeins that induces our basic transformation (jlUj) . See appendix El F° r 
this reason we avoid vielbeins and work directly with the curved-space Dirac 
matrices. As shown in section El it is in fact possible to describe the coupling 
of fermions to gravity using just the gammas, without ever having to introduce 
veilbeins (an interesting observation in its own right). 
Similarly, the scalar field H(x) whose vev is the string coupling constant 

(H(x)) = g s (30) 

is a good variable whose sign we can flip while the usual <& parameteri- 
zation 

H = e* (31) 

is bad from this point of view. 

6) Constants do not transform. We do not consider transforming constants such 
as the Minkowski metric t]mn or flat space gamma matrices. Nor do we 
transform Newton's constant or particle masses pQ. 
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In making the above comparisons, we do not wish to imply that these alternative 
approaches are without merit. We merely wish to note that, in some respects, our 
approach is more conservative. 

2 Inclusion of boson matter fields 

2.1 Antisymmetric tensor fields 

Extension of this symmetry to include matter in D = 4k + 2 requires that the 
kinetic terms should transform in the same way as the curvature scalar, with a 
reversal of sign. This allows antisymmetric tensor field strengths of odd rank but 
not even 

S F = J d D xVGG M ^G M * N > . . . G M " N "F MlM2 ... Mn F NlN2 ... Nn (32) 

and also rules out all mass terms, although a non-minimal Rcj) 2 scalar coupling is 
allowed. It is at this stage that the two versions of signature reversal (JSJ) and Q26JI 
may diverge since one is free to assign different transformation rules to the matter 
fields. To keep them the same would require covariant vectors to transform with 
the opposite sign to contravariant under (|26|). 

In D = 4k, on the other hand, signature reversal allows antisymmetric tensor 
field strengths with even rank, as well as mass terms. 

2.2 Pure Yang-Mills 

The kinetic term in pure Yang-Mills 

Sym = [ d D xVGTr\F 2 \ 2 (33) 

contains two contractions with the background metric, and is therefore invariant 
under reversal of signature. The same is true of Chern-Simons terms as well. In- 
variance then requires that the volume form should not change sign under signature 
reversal. Consequently Yang-Mills theory is invariant only in dimensions D = 4k. 
If the theory is coupled to fermions, and we require S — T = 4k' , this leads to 
D = 4k' + 2T so that there would have to be an even number of time-like dimen- 
sions. This is the case in the Euclidean four-dimensional spacetime, for instance. 

Quantum corrections that involve only the field strength F are invariant under 
signature reversal. Corrections that involve powers of the d'Alambertian □ need 
not be, however. L-loop corrections that may on dimensional grounds arise in 
perturbation theory are, schematically, of the form 

S c ~ \ [d D xVGTTF 2 (gla(^/A L F 2 . (34) 
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These terms are invariant for all L under signature reversal only when D = 4k. This 
is consistent with the fact that Yang-Mills theories are signature reversal invariant 
in signatures of Euclidean type. 

There are several caveats, however: 

1) Although forbidden in D = 4k + 2, Maxwell and Yang- Mills terms can arise 
after compactification to lower dimensions. See, for example, section |SJ 

2) The absence in D = 4k + 2 applies in pure Yang-Mills theory only. In the 
Yang-Mills sector of Type I supergravity the kinetic term is multiplied by a 
dilaton factor H(x) that may also change sign to compensate for the change 
in sign of the volume element 

3) Yang-Mills interaction may also appear on branes, for example D3, where the 
rules of signature reversal are different from those in the bulk jllj . 

2.3 Self-duality 

A real n-form can be (anti-)self-dual in D = S + T dimensions provided that the 
Hodge star operation which obeys 

*2 = (_!)n(D-n)+T (35) 

when operated on n-forms, is nilpotent. As the dimension D = 2n is even, this 
happens for even n in signatures of Euclidean type (T even), and for odd n in 
signatures of Minkowskian type (T odd). Self-dual fields arise therefore in gravity- 
like theories in Minkowskian signature and in Yang-Mills like theories in Euclidean 
space. 

Under signature reversal the Hodge star operated on an n-form F n transforms 

as 

*F n — (-l) n + T *F n . (36) 

This is because the Hodge star carries information of the orientation of the space- 
time, and the volume form picks up the sign (— 1) T under signature reversal; further, 
the Hodge star involves D — n lowered indices, and hence D — n occurences of the 
metric tensor. An (anti-)self-duality equation is therefore left form invariant under 
signature reversal precisely when it is defined. 

3 Inclusion of fermion matter fields 
3.1 Issues of signature 

Fermions and their interactions are sensitive to the choice of signature in several 
ways. As explained above, in this paper we restrict to such signatures S — T = 4k' 
and field theories which happen to be independent of whether the actual signature 
is (S,T) or (T,S). To appreciate the importance of making this restriction, it is 
instructive to see what would happen otherwise: 
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First of all, fermions belong to representations of the Clifford algebra. If the 
Clifford algebra changes, the minimal fermion representations change, as discussed 
at length in appendix An example of this is the three dimensional Minkowski 
signature (2, 1), where the Clifford algebra R(2) © M(2) consists of pairs of real 
2x2 matrices in the mostly plus, or East coast, signature and of 2 x 2 complex 
matrices C(2) in the West coast signature. (A similar statement applies in eleven 
dimensions as well, as both have S — T = 4k' + 1, and not 4k' .) 

Changing signature when S — T ^ 4k' changes the reality properties of fermion 
interactions. In many cases a change of signature amounts indeed to multiplying 
gamma matrices with the imaginary unit: in such cases, if fermion interactions 
involve odd numbers of gamma matrices (e.g. the kinetic term), this makes the 
action imaginary and the theory non-unitary. In S — T = 4k! the Lagrangian is the 
same in both signatures. 

These observations mentioned above are local in nature. The final difference 
concerns defining fermions globally. Though we shall not discuss global issues in the 
present paper, we recall it briefly here: namely, if the background spacetime is non- 
orientable, the global structure of fermion fields may change when the signature 
is changed (HI E2|- I n particular, the topological obstruction to defining a global 
fermion field then typically changes. As with the differences mentioned above, this 
does not happen when S — T = 4k'. 

3.2 Clifford volume 

In section fTTTl we argued that the transformation properties of the volume element 
should be consistent with the representation of the volume form in terms of elements 
of the Clifford algebra. We shall here show in more detail in what sense the chirality 
operator T and the volume element ^/Gd D x can be identified. 

Arbitrary linear combinations of products of gamma-matrices generate the full 
Clifford algebra Cliff (TM). At a given point x 6 M the Clifford algebra is a vector 
space with the basis 

i, IV, Tmn, ■ ■ ■ , t^mv-md-u r j (37) 

where T was defined in (jll|) . In even dimensions, only 1 has a non-zero trace. 
A typical element £ at degree n of the Clifford algebra Cliff (TM) can then be 
expanded locally as 

£ = -X Ml -Mj Ml - Mn ■ (38) 
n\ 

As a vector bundle on M, the Clifford algebra is the same as the space of differential 
forms 

Cliff (TM) ~ n*(M) . (39) 

The multiplicative structure is different: Clifford product '•' in the former, wedge 
product 'A' in the latter. 
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As we have the metric Gmn at our disposal, we may define the Hodge dual of 
a differential form as well as of an element of the Clifford algebra 

> V — (~1) T J/i-M„ v r N n+1 ---N D / An \ 

*^ - 77; m 1 TFi N n+1 -N D ^Nh-Mj n+1 • (40) 

(D — ny.ni y/G 

The definition of \[G was given in (|12|) : the orientation implied in d D x is 

dx Ml A---Adx M ^ = e M ^ M °d D x. (41) 
This determines the standard volume element 

Vol(M) = *1 = y/G d D x (42) 

= (-ifr (43) 

that can be expressed as a differential form as well as an element of the Clifford 
algebra. 



3.3 Kinetic terms 

Defining kinetic terms and interaction potentials for fermions requires one piece of 
additional structure, a spin (or pin) invariant inner product 

?X = tfC X , (44) 

where C is a constant matrix. As we are working in S — T = 4k' a multiple of four, 
the dagger t stands for transpose for even k' and for quaternionic conjugation when 
k' is odd. 3 The inner product must be invariant in order that the Lagrangean not 
break Lorentz symmetry, and in order that the Leibnitz rule for a spin connection 
hold. 

There are generally two such invariant inner products: given one C the other 
candidate is proportional to TC. A convenient way to distinguish these inner 
products is to keep track of the Hermitean conjugate of a rank n Clifford 
matrix E 

(EVO^x = (-l)^™" 1 ) ^CEx (45) 

(E^Cx = (-1)5"(" +1 ) V^CEx • (46) 

We must choose such an inner product that the fermion kinetic terms 

Ar M £> M A and lhiT MNP D N ^ P (47) 

for the dilatino and the gravitino are nontrivial. Keeping in mind that fermion fields 
are Grassmann odd, this leads to a symmetry requirement for the inner product 

• If C = C the inner product must be symmetric C T = C; 

• If C = C the inner product must be anti-symmetric C T = — C. 

This is not always possible. We shall here discuss the implementation of this 
separately in D = 4k and D = 4k+2 dimensions. The results have been summarised 
in tabled 

3 In terms of imaginary Pauli matrices, this is of course just Hermitean conjugation. 
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V 


n = n = 1 n = 2 n = 3 


n = 2k + l 
k even k odd 


D = 4k + 2 
D = 4k 


P_ 1 V + 

1 V+ V- 


ASD SD 
1 



Table 1: Projections V appearing in invariant Yukawa couplings ipF n Vx, where (A)SD 
refers to the projection to the (anti-) self-dual component, and where in the middle column 
n is the rank of the tensor F„ modulo four. 



3.3.1 Minkowskian type D = 4k + 2 

In dimensions D = 4k + 2 we have an odd number of time-like directions. The 
typical example is the Minkowski signature: it turns out that in that signature 
both of the inner products C and C have the symmetry property we required in 
section 1331 To be concrete, these Minkowski signatures are (S,T) = (1,1), (5,1) 
and (9, 1) in dimensions less or equal to 14. 

Apart form the Minkowski case, the middle-dimensional signature with S = T 
is interesting. The symmetry property for inner products C and C is satisfied then 
only if the number of time-like directions is T = 1 modulo 4. This means that 
(S,T) = (1,1) and (5,5) have a nontrivial kinetic term, but (S,T) = (3,3) and 
(7, 3) do not. This does not prohibit us from writing down equations of motion for 
them, though. 

These turn out to be all the admissible signatures with D = 4k + 2 < 12. We 
are now ready to discuss the behaviour of kinetic terms under change of signature. 
In the above signatures, the invariant fermion kinetic terms are 

J d D xVG (V^T M D M X) (48) 
J d D xVG (VU^T MNP D N ^ P ) . (49) 

The gravitino and the dilatino must therefore be Weyl fermions of opposite chirality. 
This is indeed the case in Type IIB and Type I supergravities in D = 10, as well 
as in chiral supergravity in D = 6. Type IIA, for instance, does not have this 
property. 

3.3.2 Euclidean type D = 4k 

When D = 4k we have an even number of time-like directions. The prime example 
of this is the Euclidean signature with T = 0. Then only C produces non-trivial 
kinetic terms for fermions, and the admissible signatures are (S,T) = (4,0), (8,0) 
and (12,0). 
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In the middle dimensions we have signatures (S, T) = (2, 2) and (6, 6) with C, 
and (S, T) = (4, 4) with C . The other admissible signatures in D = Ak < 12 that 
have not been mentioned above are (S,T) = (6,2), (10,2) and (8,4). 

The invariant fermionic kinetic terms are the same as in (|48|) and (|49|) . This 
is because the volume element VG d D x picks up the opposite sign in the change 
of signature to compensate for the fact that the chirality operator T picks up the 
opposite sign under conjugation. 

3.4 Yukawa coupling to tensors 

The isomorphism (|39j) between differential forms and the Clifford algebra enables 
one to write actions for form fields in terms of the corresponding Clifford matrices. 
This relies on the fact that (|37|) is an orthogonal basis. For the rank-n field F n we 
can therefore write the action 

J \F n A*F n + 0F n AF n ~ jVGd D xTr(-^l + 6ryF n -F n , (50) 

where g 2 and 9 are arbitrary couplings, and '•' stands for Clifford multiplication. 
To emphasise the role played by the gamma matrices, we write 

F n = - } F Ml ... Mn dx Ml A--- Adx M " (51) 

Tn = -.F M ,...M n T Ml - Mn ■ (52) 

The topological term proportional to 9 vanishes consistently on both sides when 
D ^ 2n or n is odd. 

This allows one to revisit the symmetry properties of the form field action under 
signature reversal. For this we note first that on even tensors F n with rank n a 
change of signature induces a change of sign 

T n — {-\) n l 2 T n . (53) 

This means that for even n the invariance properties of the action follow purely 
from the properties of T and \[G d D x: the kinetic term is invariant only when 
y/G d D x is, whereas the topological term is always invariant. 
If the rank n is odd and the dimension D even, we get 

T n — ► -*^„. (54) 

Using the standard results 

YT n = (-l)^(-+D+^(^„) (55) 
* 2 T n = {-l) n{ - D -^ +T F n (56) 

one can show that the action transforms to 

J VG d D xTr ((-if +«1 + 9Tj -T n -T n . (57) 
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This reproduces the result of section [21 that followed simply from counting the 
number of times one had to use the metric to raise indices in the kinetic term: we 
find that odd-rank theories when T is odd, such as in Minkowski signature, and 
even rank theories when T is even. 
Yukawa couplings are of the form 

J d D xVG F Ml ... Mn ^T M -- M - X - (58) 

One of the reasons why we had to restrict to dimensions S — T = 4k! was that 
these interactions should remain unitary under change of signature, and this can 
be guaranteed only where the Clifford algebra is isomorphic in opposite signatures. 
One can show that the Yukawa couplings transform to 

(_l)|n(n-l)+T J d D xy /G F Ml ... Mn ^T M ^" M " (T) n X . (59) 
The factor (— 1) T comes from ()17|) . Note that 

r M _> _rr M (60) 

with a contravariant index. 

3.4.1 Minkowskian type D = 4k + 2 

Yukawa type interactions are not admissible for n = mod 4 when the number 
of time-like directions is odd, as is the case here. This excludes mass terms, for 
instance. The other even-rank interactions with n = 2 mod 4 are automatically 
invariant in this dimensionality. 

Changing signature in tensors that have odd rank introduces a chirality operator 
in them as we saw already in discussing kinetic terms in section l3~3l Restricting to 
the part of the interaction term invariant under signature reversal leads therefore 
to chirality projections. When the rank of the tensor is n = 1 mod 4 even terms 
are of the form 

J d D xVG F Ml ... Mn VT Ml " M "P_ X . (61) 

Note that, as n is odd, only the negative chirality component of tp couples here to 
the tensor field. For n = 3 mod 4 the chirality projection is opposite 

J d D xVG F Ml ... Mn ^T Ah - M «V + x , (62) 

and only the positive chirality components of tp and x are concerned. 

If the rank of the tensor is precisely half of the dimension of the spacetime 
n = 2k + 1, the presence of these projection operators means that only the self- 
dual, or the anti-self-dual, part of the tensor field couples to fermions. Which one it 
should be, depends on whether k is even or odd. If k should be odd, such as is the 
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case for instance in the six-dimensional Minkowski signature, it is the anti-self-dual 
field 

T n = -*T n (63) 
= {-l) k T-r n (64) 

that couples to the (spin-half) fermions, consistent with the case n = 3 mod 4 
above. (For even k, n = 1 mod 4 and fermions couple to the self-dual part.) This 
anti-self-dual field F n is indeed odd under the change of signature as a Clifford 
matrix, so that in D = 4k + 2 the Yukawa coupling is invariant. Note that in 
this case the kinetic term (|50|) vanishes, however, and there is no covariant action 
principle. 

3.4.2 Euclidean type D = Ak 

In this dimensionality the number of time-like directions is even and interactions 
with n = mod 4 are symmetric under signature reversal. This means in partic- 
ular that mass terms are invariant under it. The other even-rank interactions with 
n = 2 mod 4 are not invariant, however. The chirality projection in an invariant 
interaction term with n = 1 mod 4 is 

J d D xVG F Mv .. Mn ^T Ah - M -V +X • (65) 

In n = 3 mod 4 the chirality projection is again opposite 

J d D xVG F Ml ... Mn VT Ml " A/ "P_ X . (66) 

The fermions appearing in these interactions must have opposite chiralities: for 
instance in the n = 3 mod 4 case x has negative and ip has positive chirality. As 
the invariant kinetic terms for all spin-half fields involve the same negative chirality 
projection, it follows that these odd-rank Yukawa couplings are trivial as such in 
D = Ak. However, when one of the fermions is a Rarita-Schwinger field i^m, the 
interaction is nontrivial: in n = 1 mod 4 

j d D xVG F MoMl ... Mn ^T M -- M -V. X , (67) 

as rV>M = +ipM and Tx = ~X- (Now x has negative chirality as we introduced a 
new occurrence of the metric in tp M = G MN tpN-) In n = 3 mod 4 the roles are 
interchanged, and we have ip and xm- 

In D = Ak the middle-dimensional form field with n = 2k picks up the sign 
(— l) k under signature reversal. This merely reproduces the result that n = 
mod 4 couplings are invariant, and n = 2 mod 4 are not. In particular, where 
these couplings are consistent in D = 81 and n = Al, both the self-dual and the 
anti-self-dual part of the tensor couple to fermions. 

This is to be contrasted with the fact that only the (anti-)self-dual parts of the 
middle-dimensional forms in D = Ak + 2 coupled to fermions. No such halving of 
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degrees of freedom arises in D = 4k. This is related to the fact that in D = 4k + 2 
the fermions in a Yukawa coupling had the same chirality, and one could in fact 
set ip = xi m D = 4k the two fermions must have opposite chiralities, and will 
therefore have to be independent, or else the Yukawa coupling is trivial. 



3.5 Fermions without vielbeins 

So far, we have managed to discuss both kinetic and interaction terms for fermions 
without having to mention vielbeins, but working only with the curved space 
gamma matrices. Since, as explained in Section EH we wish to avoid the introduc- 
tion of vielbeins altogther, we show in this section how, in second order formalism, 
the covariant derivative is related to these curved space gammas. 

The spin covariant derivative is defined in terms of how it acts on fermions i/j: 



D m 4> = [dM + ^M)^. (68) 

The gamma matrices Tm and the spin-connection Dm are required to be compatible 
in the sense that 

d M r N -T MN T K + [Q M , T N ] = 0, (69) 

where F MN is the Christoffel symbol. For this equation to have solutions we notice 
that OmTn should be expressible in terms of a linear combination of the original 
gamma matrices, for instance Om^n = o- mn Tk, which indeed follows from the 
Clifford algebra ©• One can then verify that the vielbein- independent expression 

n M = ~(r N d M r N + d M io g VGi + v KL d [K G L]M ) (70) 

reproduces the usual torsionless relation between spin connections and vielbeins 
when expressed in a vielbein basis. 

Now that we have the curved space gamma matrices T^- and the corresponding 
compatible spin connection Qm at our disposal, it is always possible to write a 
Lagrangian involving couplings to spinors in a form that does not involve explicit 
use of vielbeins, as long as all the tensor fields in the theory are written in terms 
of world indices rather than tangent space. 

As a concrete example, let us consider D = 10, N = 1 supergravity in Einstein 
frame 

s N =i = A- I dl ° x ^g\ r + i>MT MNK D N ip K + Ih~ 2 h 2 mnk + XT M D M X 

Ho J 1 2 



2k 10 



+ i(d M lntf- 2 ) 2 - ±=i, M (T N d N \nH- 2 )T M \ (71) 
+^H- l H MN K^LT MNKLR i; R - H M T N ^ K + V2i> L T MNK T L X 
We have identified c/> 3//4 = H in the notation of |13j . 
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The super symmetry transformation rule for the graviton can be expressed as 

SGmn = £^(m^n) ■ (72) 
The curved gamma matrices transform under supersymmetry as well: 

5T M = {^eT N ^ M ) T n . (73) 

Note that the rule is of the same form as Om^n = a MN^K anc ^ that ^ does not 
involve explicit vielbeins. The rest of the supersymmetry transformation rules are 

m 

SH = ~^f XH (74) 

5C M n = ■^-^H^fjTMipN - vVni/jm - -^=fjTMN>^ (75) 

1 f-^Na v\„ , 1 tt-1tMNK„ 



5X = -—(T n d N lnH)r ] + -H- 1 T AinK V H MNK (76) 
5^m = Dmv + ^H-^Tm^ -98^T KL )r,6 NK L (77) 



32 V ai J 

1 t-n NKL kxN-tKL\ t-^ 



+ {xr NK r ) y NK ^ M + 2($ M \)r) - 2(At?) + 4(^ M r iV r?)r Af A 

Since supersymmetry is sensistive to the number of degrees of freedom this indicates 
that Tm(x) correctly propagates the same number of physical degrees of freedom 
as the metric Gmn(x). Although we do not attempt it here, it would be interesting 
to generalize this approach to superspace. 

4 Example: D=10 supergravities 
4.1 N=l supergravity 

The bosonic part of the N=l supergravity action is given by ^3] 

Sns = Jd w xVGH- 2 ^R + 4H- 2 (dH) 2 -^\H 3 \ 2 ^ (78) 

(79) 

where 



H 3 = dB 2 . (80) 

This is invariant under signature flip since the change in sign of the volume element 
is compensated by a change in sign of the Einstein term and the scalar and 2-form 
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kinetic terms. It remains invariant when the fermions are included according to the 
rules of sections 13. 3| 13.41 and 13.51 The supersymmetry transformation rules given 
in 13. 51 are also invariant. 

Let us now compare this with heterotic supergravity whose action is given by 
the inclusion of a Yang-Mills term ^1] 

S het = -V f d 10 xVGH- 2 (R + 4H- 2 (dHf - 1|£ 3 | 2 - & Tr |F 2 | 2 ) 

(81) 

where 

H 3 = dB 2 - ^lo 3 . (82) 
010 

Since the Yang- Mills term does not change sign, the action is no longer invariant. 

4.2 Type IIB supergravity versus Type II A 

The bosonic part of the Type IIB supergravity action is given by |14j 

Sub = $ns + Sr + Scs (83) 



2 



(84) 



Sns = ttV [d w x^GH- 2 (R + 4H- 2 (dH) 2 -±-\H : 



"10 

1 



4k 1o 



S cs = ~— I C 4 AH 3 AF 3 , (86) 



where 



F p+1 = dC p (87) 

^3 = F 3 -C AH 3 (88) 

h = F 5 -^C 2 AH 3 + ^B 2 AF 3 (89) 

and where we must impose the extra self-duality constraint 

* h = F h . (90) 

Since both Sns an d Sr contain field strengths only of odd rank, it is invariant 
under signature reversal. 
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To exhibit the SL(2,R) symmetry, it is more convenient to change to Einstein 
frame and define 



G E 



MN 
T 



C + iH- 1 



Mi 



1 



Imr 
/ 



V 



-Rcr 




H 3 



(91) 
(92) 

(93) 



(94) 



Then 



Sub 



2k io 



d w xV~G I R 



drdr 1 
2 (Imr) 2 ~ 2 



MijFlFi - -\F 5 \ 



-2 c *7 
"10 



Ca A Fi A Fi 



3 > 



(95) 



In Einstein frame the fermion interactions are included via the complex super- 
covariant quantities |15j 



F M 

&MNP 

Fmnp 



f m - K 2 ll)* M \ 



mnp ~ -k N} [M T N (iij}p]) - ?p* [M r N (iip P] 



Fmnp - 3k tp[M^NP]^ + 6 « (iip* M )TNipp] 

1 



Fmnpqr = Fmnpqb. — 5k ^[m^npq^r] — ^ K ^mnpqr^ 



(96) 
(97) 
(98) 
(99) 



From sections 13,31 and 13.41 we see that the form of these supercovariant quantities 
as well as the supersymmetry transformations themselves are left invariant under 
change of signature provided Fmnp is odd under signature reversal, and both ipM 
and A are invariant. The fact that the 3-forms are odd under signature reversal is 
a consequence of covariance under T-duality, and of supersymmetry. With these 
conventions, we conclude that Type IIB supergravity is invariant under change of 
signature. 

We contrast this metric reversal invariance with Type IIA supergravity, whose 
action is given by |14j 

Sua = Sns + Sr + Scs 



where 



Sns 
Sr 
Scs 



-i- I d w xVGH- 2 (R + 4H- 2 (dH) 2 - l|iT 3 



Ak 2 



Ak 2 



d lc WGf|F 2 | 2 + |F 4 |2 



B 2 A F A A F 4 , 
19 



(100) 

(101) 
(102) 
(103) 



and where 

F 4 = dC 3 - Ci A H 3 . (104) 

Since Sr contains RR field strengths of even rank, it is not invariant under signature 
reversal. 

5 Spontaneous compact ificat ion 

5.1 Example of dimensional reduction from D = 6 to 

D = 4 

Since signature reversal for gravity is allowed in D = 6 but not in D = 4, it is 
of interest to examine the effects of dimensional reduction. To see this, we look 
at N = 1 supergravity. The equations of motion of both the gravity multiplet 
(GmNj'P+'^m, B~mn) an d the tensor multiplet (B MN ,V-Xj i f) are separately sig- 
nature reversal invariant. As a simple example we consider the two combined. 

Denoting the D = 6 spacetime indices by (M, N = 0, . . . , 5), the bosonic part 
of the action takes the form 



S N=1 = -L [ d 6 xVGH~ 2 
2/^ J 



R G + AH- 2 G MN d M Hd N H 



__L G MQ G NR G PS HMNpHQRs j (1Q5) 

Note that there is no self-duality condition on Hmnp- The metric Gmn is related 
to the canonical Einstein metric G e mn by 

Gmn = HG E MN • (106) 

The combination of the six-dimensional N = 1 supergravity and tensor multiplets 
reduce to give the D = 4, N = 2 graviton multiplet with helicities (±2, 2(±3/2), ±1) 
and three vector multiplets with helicities (±1, 2(±l/2), 2(0)). In order to make 
this explicit, we use a standard decomposition of the six-dimensional metric 



Gmn 



a _|_ Am Ann A m Ci ^ 



-t^i/^mn "n 



(107) 



where the spacetime indices are ji,v = 0, 1, 2, 3 and the internal indices are m, n 
1,2. The remaining two vectors arise from the reduced B field 



Bmn = 



Buu + 2 i^fi B mu + B^ n A u ) B an + A^ B mi 

y B-rnv ~\~ B mn A u B mn J 



(108) 
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Four of the six resulting scalars are moduli of the 2-torus. We parametrize the 
internal metric and 2-form as 



Gmn — CB 



( c~ 2 + c 2 -c 
-c 1 



(109) 



and 

B-mn = be mn . (HO) 

The four-dimensional metric, given by g^, is related to the four-dimensional canon- 
ical Einstein metric, gjf v , by 

9fiu = Ag E pu , (111) 
where A is the four-dimensional shifted dilaton: 

A' 1 = J dx 5 dx 6 H- Vdet G mn = H~ 2 B 1 . (112) 

Thus the remaining two scalars are the dilaton A and axion a, where the axion 
field a is defined by 

e^ pa d a a = ^A- l g^g^g^H aXT , (113) 

and where 

Ha\r = 3^3 [(T 5 Ar ] + -A"^F Xr ] rn + -B m [ a F^ 
FZ = d\A™ — d T A™ " (114) 

P\Tin = d\B mT — d T B m \ . 

We may now combine the above six scalars into the complex axion/dilaton field S, 
the complex Kahler form field T and the complex structure field U according to 

S = S 1 +iS 2 = a + iA- 1 
T = T 1 +iT 2 = b + iB' 1 

U = U 1 +iU 2 = c + iC- 1 . (115) 
Define the matrices Ms, -M-t and M.\j via 

1 I 1 S x 

Ms = —\ ! , (116) 



S- 



2 I c ICI2 



with similar expressions for M.t and M.u- We also define the four U(l) gauge 
fields A a by 

A fj, = B^n, A n = B§ p , A n = A p , A n = —A^. (H7) 

and the 3-form 

H^ p = 3(d [tl B up] - ^A { /(e T eu)F Uf ^ . (118) 
21 



The action (tTUBl now becomes that of the N = 2 STU model |16| 



Sn=2 = / dV^ 4 " 1 + A- 2 g^d^Ad u A - ^g^g^ g pfJ H^ p H Xra 

+^Tr (OMt^OMt) + ^Tr (ftM^d-Ma) 
-^/(•Mt ® Mr/JiV"] • (H9) 

The action is invariant under SL(2,R)y x SL(2,R)[/ and the equations of motion 
have an additional SL(2,M)s . 

It is now of interest to see how the original reversal of the D = 6 metric and 
2-form 

Gmn —> — Gmn Bmn — ► — Bmn (120) 

manifests itself in D = 4. The transformation property of the -BMTV-field is forced 
on us by supersymmetry. Prom (|107j) . (jlf)9|) and (|116|) we find 

9ij,v — ► ~9nv (121) 

A 1 ^ — > -Af (122) 

Af — 4 4 (123) 

5 — y -S (124) 

T — ► -T (125) 

[7 — ► U (126) 

Thus, remarkably, the noninvariance under metric reversal is compensated by re- 
versing the sign 4 of the shifted dilaton A. In other words, the D = 4 Einstein 
metric (|111|) does not change sign. Similarly, the non-invariance of the Yang-Mills 
term is compensated by reversing the sign of T. 

In the quantum theory SL(2, R) is restricted to SL(2, Z). It may seem unusual to 
find an action of a discrete group SL(2, Z) on the complex parameters S and T which 
take values not restricted to the upper half of the complex plane. Interestingly 
enough, such a situation was also recently encountered in ^7j- The context was 
somewhat different but also involved orientation reversal. 



5.2 Kaluza-Klein mass terms 

Although mass terms are forbidden in the D = 4k + 2 gravitational theories, they 
may nevertheless appear in lower dimensions a la Kaluza-Klein. To see this consider 
a massless scalar whose field equation is signature reversal invariant: 

G mn V m Vn<P = ■ (127) 

4 This is reminiscent of flipping the sign of Newton's constant |3] but here we are transforming a field, 
not a constant. 
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Now consider a product manifold M x K and decompose the coordinates as x = 
{x^,y m ). Then 

(G^V^Vu + G mn V rn V n )<P{x, y) = . (128) 

Fourier expanding 4>(x, y) in terms of harmonics on the internal manifold K, we 
see that the mass matrix will transform the same way as the kinetic term under 
signature invariance, thus preserving the symmetry. 

5.3 The cosmological constant 

Although a cosmological term f A\^Gd D x is forbidden in D = 4k + 2, a cosmolog- 
ical constant may nevertheless arise from the vev of an antisymmetric tensor field 
strength HHJQU 

(Vag^g^ 2 ■ ■ ■ 9^ Vn F m ..„ n ) ~ e"^- v » . (129) 

For example, by setting 

F 5 ~e 5 + *e 5 (130) 

we could obtain AdS 5 x S" 5 from a Freund-Rubin [20] compactification of Type IIB 
in D = 10. 

6 Conclusions 

Signature reversal invariance favours two kinds of theory: Yang-Mills theories of 
the Euclidean type in D = 4k, and gravitational theories of the Minkowskian type 
in D = 4k + 2, although Yang-Mills interactions may appear in the latter after 
spontaneous compactification. 

In many ways Type IIB supergravity is the archetypal bicoastal theory, making 
use of all the ingredients: S — T = 4k', T odd, D = 4k + 2, no mass or cosmological 
terms, chiral, with gravitinos and dilatinos of opposite chirality, involving field 
strengths only of odd rank which are self-dual in the generalized sense of section 
13.41 In fact it also works in the midwest and points in between since it is invariant 
under metric reversal in all its various signatures: (9,1), (7,3), (5,5), (3,7) and 
(1,9). If Type IIB supergravity did not already exist, signature reversal invariance 
would have forced us to invent it. However, by virtue of its AdS$ x S 5 vacuum, 
it also clearly illustrates that this symmetry does not rule out a lower-dimensional 
cosmological constant. The situation with the Type IIB string is equally interesting, 
with some unexpected consequences. Signature reversal in string theory, together 
with reversal of the string coupling field, H(x) is the subject of an accompanying 
paper [TT] . 

Chiral supergravity in D = 6 (for example the (2, 0) theory obtained by com- 
pactifying Type IIB on K3) is equally archetypically bicoastal, for all the same 
reasons, including self-duality. The latter property means that such theories do not 
possess a Lorentz invariant action principle. It could be argued that they occupy 
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a privileged position in that with no action, there is truly no way for your friends 
to guess what signature you had in mind when writing down the field equations. 

Although the flipping of the sign of the metric tensor may leave the equations of 
motion invariant, a choice has to be made when choosing the boundary conditions. 
A metric vacuum expectation value 

{Gmn(x)) = 7]MN (131) 

breaks the reversal symmetry spontaneously. Similarly the dilaton field expectation 
value 

(H(x)) = g s (132) 

breaks spontaneously the sign reversal H — * —H to be discussed in the accompa- 
nying paper In this context, it may be worth reviving speculations about a 
phase of quantum gravity or string theory in which these expectation values vanish 
and the symmetries are restored, notwithstanding the noninvertibility |21j . 



A Fermion representations and Clifford alge- 
bra 

Consider a metric Gmn with S positive and T negative eigenvalues. In this ap- 
pendix we shall now discuss the structure of the Clifford algebra Cliff (M S ' T ). 

The structure of the full Clifford algebra depends on the signature of the metric; 
in general Cliff (K S ' T ) differs from Cliff (M. T ' S ). Only if the difference S - T is a 
multiple of four does it happen that the two algebras in opposite signatures are 
isomorphic. Then, denoting D = S + T, 



, o T , [Mat n M ,ra = 22 D for S - T = 8k' 

Cliff M 5 ' T = < V ; ln 1 . 133) 

' Mat„(M) , n = 23 d - 1 for S - T = 8k' + 4 



In particular, the four-dimensional Minkowski signature gives rise to un- isomorphic 
Clifford algebras in the two signatures. Examples where the Clifford algebras are 
the same irrespective the signature are the D = Ak + 2 dimensional Minkowski 
spaces where self-dual tensor theories have odd field strengths, and the symmetric 
cases S = T with an equal number of space and time directions. 

In even dimensions the chirality operator anticommutes with the generators of 
the Clifford algebra. We can decompose the full algebra into two algebras span by 
even, resp. odd, products of the generators 

Cliff(M S ' T ) = Cliff ovon (M S ' T )eCliff odd (IR 5 ' T ) . (134) 

Note that the even part is isomorphic to that in the opposite signature 

Cliff even (M S ' T ) ~ Cliff even (]R T ' 5 ) (135) 
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T — S mod 8 


N 


Cliff 






25 D 


Mat at(M) 




2,4 


2 i(D-2) 


Matjv(H) 




1,5 


2K D -!) 


Matjv(C) 




3 


2 i(D-3) 


Mat A? (EI) ( 


D Mat tv (EI) 


7 


25(^-i) 


Mat 7v (R) 6 


} Mat tv (M) 



Table 2: The isomorphism classes of Clifford algebras, D = S + T. 

in any dimensionality. The various symmetry groups are subgroups of these alge- 
bras 

Spin(,S,r) C Cliff cvon (M S ' T ) (136) 
Pin(,S,r) C Cliff (M S ' T ) . (137) 

It follows from the isomorphism of the algebras ()135|) that 

Spin(S,T) ~ Spin(T,,S) . (138) 

In the special dimensions where S — T = mod 4 we have also 

Pin(S,r) ~ P'm(T,S) , (139) 

which is not true in general. 
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Euclidean 


Minkowskian 


Complexified 


n 

1 J 


Space-like 


Time-like 


Space-like 


Time-like 


Complexified 


(AO) 


(0,£>) 


(£-1,1) 


(1,£>-1) 


D 


1 


RffiR 


C 


C 


RffiR 


C©C 


2 


R(2) 


H 


R(2) 


R(2) 


C(2) 


3 


C(2) 


HI © HI 


ffi(2)®R(2) 


C(2) 


C(2)©C(2) 


4 


H(2) 


H(2) 


R(4) 


H(2) 


C(4) 


5 


H(2) © H(2) 


C(4) 


C(4) 


H(2) © H(2) 


C(4) © C(4) 


6 


H(4) 


R(8) 


H(4) 


H(4) 


C(8) 


7 


C(8) 


R(8)©R(8) 


M(4) © H(4) 


H(8) 


C(8)©C(8) 


8 


R(16) 


R(16) 


C(8) 


R(16) 


C(16) 


9 


R(16)©R(16) 


C(16) 


C(16) 


R(16)ffiR(16) 


C(16)©C(16) 


10 


R(32) 


H(16) 


R(32) 


R(32) 


C(32) 


11 


C(32) 


M(16) ©H(16) 


R(32) ©M(32) 


C(32) 


C(32) © C(32) 


12 


H(32) 


H(32) 


R(64) 


H(32) 


C(64) 



Table 3: Clifford algebras for Minkowskian and Euclidean signatures, where R(n) = 
Mat n (R) etc. 
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Space-like dimensions 







6 



10 



11 



CO 

a 
.2 

'5a 
S 

CD 



CD 



11 
10 

9 
8 
7 
6 
5 
4 
3 
2 
1 




H(16) © H(16) 
H(16) 
C(16) 



C(4) 



H(2) 



HffiH 
H 
C 




C(32) 



R(32) 



R(32) © R(32) 

R(32) C(32) 
C(16) 



H(16) H(16) © H(16) 



R(16) 

C(8) H(8) H(8)©H(8) H(16) 

H(4)ffiH(4) H(8) C(16) 
H(2) © H(2) H(4) C(8) 



C(32) 



H(4) 



R(32) R(32) © R(32) 



H(2) 
C(2) 



C(4) 



R(16) R(16)ffiR(16) R(32) 
R(16) C(16) 
C(8) 



C(32) 



H(16) 



H(8) 



R(2) 



C(4) 



H(4) 



C(2) 



H(4) © H(4) H(8) 
H(2) H(2)ffiH(2) H(4) C(8) 



H(16) ©H(16) 
H(8) © H(8) H(16) C(32) 
C(16) 



R(32) ©R(32) 

R(32) C(32) 



Table 4: Isomorphism classes of Clifford algebras D < 12 in arbitrary signatures, where R(n) = Mat n (R) etc. Boxed 
entries are symmetric in signature reversal. 



Fermions belong to representations of the Clifford algebra. Let us concentrate 
in S — T = 4k', so that the Clifford algebra can be thought of as an algebra of real 
(or quaternionic) matrices of a given dimensionality. There the representations of 
the fermions that do not satisfy a chirality condition are referred to as Majorana 
(resp. quaternionic Majorana) fermions. In Mathematics Literature these repre- 
sentations are usually referred to as pinors P. 

In these dimensionalities S — T = 4k', the chirality operator is nilpotent T 2 = 1, 
and the pinor representations P split to positive and negative eigenspaces S± with 
respect to it P = S + © These (quaternionic) Majorana- Weyl fermions are 
in Mathematics Literature usually referred to as spinors. The even part of the 
Clifford algebra acts diagonally on S+ © S-, whereas the odd part does not. Note 
that a similar split does not occur in other even dimensionalities, as there the two 
chiralities are typically related by complex conjugation. 



B Real structure 

In most literature the gamma matrices Tm{%) = g m a (x)Ta are defined in terms 
of a set of constant reference matrices Ta that satisfy {r^, Tb} = 2t]ab- The 
defining equation for vielbeins e M A is 

e M A e N B t]ab = G M n ■ (140) 

One may ask whether one could account for the change of signature Gmn — ► 
—Gmn by a redefinition of vielbeins 

e M A = e M B J B A . (141) 

This requires 

J c A Jd VAB = -VCD (142) 

Ja C Jc = +Sa B ■ (143) 

When indices are lowered with tjab, this means that Jab is antisymmetric, and 
det J = ±1. 

One can show that neither in Euclidean, nor in D > 2 Minkowski signature is 
there a non-trivial solution to these equations. The problem really is the involution 
(|143|) . To see this, let us write 

(Jab) = (_ A BT B C ) m 

(JabV BC ) = ( ~t I ) , (145) 
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where A and C are antisymmetric T x T resp. S x S matrices. The square of this 
is 

1 T ©Is = Jff X Jff X (146) 

/ A 2 + BB T -AB + BC\ 
[ _ B t A + cb t B t b + C 2 J 



(147) 



Let us consider the different cases for T = 0, 1 and T > 1 respectively. 

• In Euclidean signature T = 0, so that A = B = and 

l s = C 2 = -C T C < . (148) 

This implies 

S = -trC T C<0; (149) 

this is a contradiction, and it follows that there are no matrices C that satisfy 
the constraints imposed above. 

• In Minkowskian signature T = 1 and A is an antisymmetric real number, 
hence zero A = 0. We have 

f BB T BC \ 
10 1 S = 150) 
V CB B B + C 2 J 

(151) 



It follows 



1 = BB T (152) 
S = tr(B T B + C 2 ) = BB T - tr C T C (153) 



so that 



S-l = -tiC T C<0. (154) 

This means that S < 1, and there is a real structure available in a Minkowski 
space only for (S, T) = (1, 1). 

• This argument does not generalise to higher T > 1 as then the equation 

1 T = -A T A + BB T (155) 

has more than one solution. 
More generally, however, in W ,p we can choose 

(vab) = 0-3 ® 1 P (156) 
(J a) = <ti®1 p (157) 
(Jab) = i<?2 ® 1 P , (158) 

which solves the two constraints. 
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